ABSTRACT One of the most dominant methods cells use for a large class of cellular processes is reaction (or binding) diffusion kinetics, which are controlled by kinetic constants such as diffusion coefficients and on/off binding rate constants. Fluorescence recovery after photobleaching (FRAP) can be used to determine these kinetic constants in living cells. While an analytic expression for FRAP formulae for pure diffusion has been available for some time, an analytic FRAP formula for the binding diffusion model has not been reported yet. Here, we present an analytic FRAP formula for the binding diffusion model in an explicit form allowing for diffusion of the bound complex for either a uniform circle laser profile or a Gaussian laser profile.
where U and R denote unbound molecules and specific binding sites or receptors, and B denotes bound complexes (UR). Fluorescence recovery after photobleaching (FRAP) provides an excellent way to study binding kinetics in vivo (3) (4) (5) (6) (7) . For the case of pure diffusion, several analytic formulae have been derived that can be used to extract the diffusion coefficients (6, 7) . However, in reality, both binding kinetics and diffusion are responsible for the recovery in some cases, especially for the binding of soluble proteins to DNA or membranes (5, 8) . Thus, FRAP data also have to be interpreted as a combination of these two processes. Previously, several studies have computed binding rate constants from FRAP by data fitting (3) (4) (5) . Some studies were devoted to simplification of the binding diffusion model depending on the size of the parameters (3, 4) . Although a Laplace transform of the solution of the binding diffusion model was reported (3), to our knowledge no analytic FRAP formula for the binding diffusion model in an explicit form has been reported so far. Moreover, the Laplace transform solution is limited to the case of a uniform circle laser profile, and also does not allow for diffusion of the bound complexes. Here, we present a closed-form analytic expression of the FRAP formula for the binding diffusion model.
To write differential equations for Eq. 1, let us consider the following a first-order reaction diffusion equation of ligandreceptor type binding. As is common in some classical articles (6,7), we assume that the bleaching spot size is small so that we can treat cells as an infinite plane and guarantee full recovery. We also assume that the receptor density is high enough so that a pseudo association rate constant k 
where x is used to represent (x, y). In Eq. 3, for the laser parameter c, the laser I(x) can be either a uniform circle profile (6,7),
or Gaussian laser profile, 
where
In Eq. 4, I 0 and I 1 are modified Bessel functions, and * represents convolution. Notice that F is the fundamental solution of the diffusion equation, (5a)
IðxÞuðx; tÞdx; (5b)
where F u (t) and F b (t) are fluorescence intensities of unbound and bound molecules. The parameter q is the product of all the quantum efficiencies of light absorption, emission, and detection and e is the attenuation factor of the excitation laser beam (6 
for the uniform circle laser profile (7) where F For the Gaussian laser profile (6),
where gða; xÞ ¼ R x a e Àt t aÀ1 dt is the incomplete g-function, n ¼ (8Dt/v 2
11)
À1 and K is computed from the fraction of preand postbleach fluorescence intensities as
The value I u=b ðDtÞalso can be represented as a series as shown in Axelrod et al. (6 À4 mm 2 /s) for our calculation. Fig. 1 demonstrates that the FRAP formula we derived can generate the four different subtypes of FRAP curves by the binding diffusion model.
Moreover, our results indicate that for submodels with a large binding pool (-x-in Fig. 1, B-D) , diffusion of the bound complexes (;0.1 mm 2 /s) can significantly contribute to the FRAP. To show this, D 2 ¼ 0.1 mm 2 /s was chosen and a FRAP curve was replotted in Fig. 1 D (F (mobile) and F b (mobile)). Indeed, when diffusion of the bound complexes is included, the resulting FRAP curve recovers much faster than for an immobile complex.
In conclusion, we have derived a closed-form analytic FRAP formula of the binding diffusion model allowing for diffusion of bound complexes as well as free molecules. The FRAP curve generated by our formula exactly matches the existing FRAP formula (3). However, our formula has several advantages over Sprague et al. (3) , not only from the mathematical point of view but also from a practical point of view. First of all, our formula provides solutions for both the uniform circle laser profile and the Gaussian laser profile. Secondly, it allows for diffusion of bound complexes, which may play an important role in FRAP in major cases of the binding diffusion model.
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